Matrix Form of the adjoint representation
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Representations, Modules

V' F-vector space, u,v,...€ V, a,3,... € F

Definition

Representation (p, V)

g3 x - p(x) € gl(V)

v 5 v 2 p(x)v € V
p(x) Lie homomorphism

plax+By)= ap(x)+ Bp(y)
p(lx, ¥]) = l[p(x), p(y)] =
p(x) o p(y) — p(y) o p(x)

V =C" ~ p(x) € My(C) = gl(V) = gl (C, n)
W C V invariant (stable) subspace |
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T heorem

W invariant subspace of V «~ (p, W) < (p, V)

(p, V) ~~ 3! |induced representation

(p, VW)
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p(g)W CcW = dlp(x): V/W — V/W
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Kerp=C,(g) ={x€g: p(x)V ={0}} is an ideal ___7

Kerad = Cyq(g) = Z(g)= center of g
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Representations on Hommomorhism Modules

VA 2
Let (p1, V1) and (p1, V1) g-representations

Definition: Homomorphism module

An Homomorphism Module is the pair (7, Hom¢ (V1, V2)), where

g>oX T> ’T(X) & Hom@ (Hom@ (V1, Vg) : Hom@ (Vl, Vz))

and if f € Homc¢ (V1, Vo)

T(x)(f) = p2(x) o f — f o p1(x)

T([x,y]) = 7(x) o 7(y) — 7(y) o 7(x)
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Two representations are equivalent if there is an f € Autc (V) such that

7(f) =0

We can prove



Reducible and Irreducible representation

(p, V) |irreducible/simple representation (irrep)

«~~s A (non trivial) invariant subspaces
e plgWCW = W={0}orV

e [ (p, W) < (p,V) = W={0}or V

sSsHMENSZH S

(p, V') | reducible/semisimple representation

s |V =Vid Vo, (p, V1) and (p, V2) submodules
V=Vi® Vo~ p(g)V1 C Vi, p(g)Vo C Vs

(p, V) trivial representation

K
oy V= ED Vg where Vg — [ 1.e dim Vg =1
=1



—c,e.éu C\ \DLL, ceP LS )Ca:\-\ o\q

|




Jordan Holder decomposition

Lemma

For every representation (p, V'), which is not irrep or trivial, there is a
_ - _ , sHMEV2S W AT
subrepresentation (p, U) < (p, V') such that (p, V' /U) is an irrep or a

trivial representation.

Theorem (Jordan Holder decomposition)

(p, V') representation, then
V=WOWDVWVD- ---DV,={0}, (p, Vi) = (p, Viy1) and

(EV; IVigs Vi / V,-+1) irrep or trivial
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Direct sum of representations

(p1, V1), (p2, Vo) representations of g

Def: Direct sum of representations (p; @ po, V1 @ Vs)
(p1Dp2)(x) : VieVo— ViV,

Vi Vo S (Vl, V2) >(p1(X)V1, p2(X)V2) cVid Vs

Vi Vo 3D vi+ vo—p1(x)vi + po(x)wve € Vi & V5




T heorem

Jordan- Holder ~~ Any representation of a simple Lie algebra is a direct
sum of simple representations or trivial representations
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